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Uniaxial compression of disordered packings of millimeter-sized ductile particles formed from microcrys-
talline cellulose is investigated experimentally, at compression pressures in the vicinity of the minimum
pressure required to form a coherent compact. Distributions of normal forces and stresses exerted by individual
particles on a confining wall are determined. Spatial force and stress correlations are investigated. The distri-
bution of normal forces is found to narrow with increasing pressure, but no indication of a crossover to a
Gaussian decay at high forces is observed. The distribution of normal stresses is found to be considerably more
Gaussian in shape for all pressures investigated. This finding may be interpreted as resulting from a positive
correlation between the area corresponding to each particle and the force it experienced during compression.
Spatial force and stress correlations are observed for distances smaller than three particle diameters. The spatial
stress correlations indicate that the mode of stress transmission changes when the compression pressure ex-
ceeds the minimum pressure required to form a coherent compact.
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I. INTRODUCTION

Granular materials are comprised of collections of indi-
vidual particles which, as a result of their relatively large size
s1 mm or largerd, are virtually unaffected by thermal agita-
tion f1,2g. Particulate matter of this kind is important in
many areas of physics and engineering science, ranging from
astronomy and space physics to geoscience and pharmaceu-
tical technology. Granular matter behaves differently from
other familiar forms of matterssolids, liquids, and gasesd,
exhibiting fascinating static and dynamic behaviors, and
should therefore be considered as an additional state of mat-
ter in its own rightf1g.

Force is transmitted between the particles of a granular
material via the interparticle contacts. As a result of the sto-
chastic nature of these contacts, certain load-bearing
structures—force chains—are formed within granular mate-
rials, either when loaded or under their own weight. Such
force chains may be visualized using stress-induced birefrin-
gencef3g. The existence of force chains within granular mat-
ter is reflected by a rather wide distribution for the interpar-
ticle contact forces. This force distribution is usually probed
by investigation of the normal forces exerted by individual
particles on a confining surface in uniaxial compression.
Whereas the force distribution thus obtained is the only force
distribution that is immediately accessible experimentally, it
may in some cases be different from the distribution of in-
terparticle contact forces in the bulk of the materialf4,5g ssee
belowd. Experimentsf3,6–10g and simulationsf11–17g have
revealed that the force distribution generally has two intrigu-
ing features: There is an abundance of forces much smaller
than the average forcekFl, and the force distribution has an
exponential decay for forcesF. kFl. The large proportion of
small forces is usually interpreted as an effect of arching
f18,19g or jammingf20,21g. In simulations, a power-law be-
havior has often been observed in this regionf11,13,15g.
Around kFl a plateau or a peak is usually observed in the

force distribution; the appearance of a peak has been argued
to be the signature of jammingf22g. The exponential decay
has been captured by the scalarq model of force transmis-
sion through bead packsf3,23g, by the a model f24g, and
also by a hyperbolic tensorial model, originally developed to
account for the stress distribution in sand pilesf25–27g, but
only in the limit of large disorderf28g. An exponential decay
was also predicted by the model put forward by Edwards and
Grinev f29g.

Whereas the force distribution has been found to be
largely insensitive to changes in particle arrangement or in-
terparticle frictionf8g, there is some, albeit somewhat con-
flicting, evidence suggesting a dependence on the degree of
particle deformationf4,9,30–33g. At .2% deformationf9g, a
transition to a Gaussian behavior has been observed in two-
dimensionals2Dd shear experimentsf30g. Makseet al. have
presented some experimental evidence for a transition from
an exponential to a Gaussian decay already at.0.4% defor-
mationf31g, but their results conflict with other observations
f7,8g. Eriksonet al. have used a layer of glass beads in be-
tween packings of deformable beads and the bottom surface
in order to determine the distribution of normal forcesf9g.
They found that the peak at the mean force increased in
height and that the exponential decay became steeper with
increasing deformation, but no crossover to a Gaussian be-
havior was observed. Simulations of granular media sheared
under a constant mean stress condition have revealed that the
behavior of the force distribution for forces smaller than av-
erage depends strongly on shearing, but that the exponential
decay at large forces remainsf33g. A generalization of the
scalarq model that interpolates between granular and elastic
regimes has, on the other hand, indicated that deformation
should have a decisive influence on the force distribution
f32g.

The distinction between the experimentally accessible
wall-force distribution and the distribution of bulk contact
forces may shed additional light on the subject. Recent simu-
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lations on 2D packings of Herzian spheres have indicated
that changes in the wall-force distribution are dominated by
changes in the contact network, while the bulk-force distri-
bution remains remarkably robustf4,5g. Even though the
bulk-force distribution remains unaltered, the contact geom-
etry and, in particular, the number of downward-pointing
contact forces may change, producing the effects seen in
some experiments. Indeed, the experimental findings of Ref.
f9g have been reinterpreted along these linesf5g.

Another intriguing question is the existence of spatial
force correlations, and their evolution with increasing par-
ticle deformation. Two-dimensional shear experiments have
indicated that correlation effects not present in theq model
are importantf34g. As long as theq values of different sites
are uncorrelated, there are no lateral two-point force correla-
tions at infinite depth in theq model, irrespective of the
distribution usedf35g, but the relaxation toward this limit
may be slowf36g. From the analysis of an extension of theq
model it has been concluded that the slope of the exponential
decay for larger than average forces and the exponent of the
power-law valid for small forces both are strongly dependent
on the average force-chain length, which should be affected
by spatial force correlationsf37g. Conflicting results for spa-
tial force correlations between model and simulation were
observed in Ref.f32g. Spatial force correlations have been
observed in simulationsf16g and some experimentsf7g but
not in othersf6g.

In this article we use the carbon paper techniquef3,6,8,9g
to investigate uniaxial compression of packings of
millimeter-sized more or less spherical particles formed from
microcrystalline cellulose. Such particles are often referred
to as pellets. Particles of this type are known to deform plas-
tically, and to form coherent compacts at large pressures, a
fact that is much used in pharmaceutical technologyf38g.
This type of behavior is particularly interesting, since it rep-
resents a transition from a fragile materialf20g, unable to
withstand tensile forces, to a coherent body, which usually is
well described by continuum models. Measurements are per-
formed in the regimes of both fragile packings and coherent
compacts.

For microcrystalline cellulose particles, interparticle
bonding is generally believed to be dominated by intermo-
lecular forcesssuch as hydrogen and van der Waals forcesd
acting between surfaces brought into close proximity to each
other by the compression processf39g. The staticsdynamicd
coefficient of friction between sheets composed of dry cellu-
lose fibers has been determined as approximately 0.45s0.3d
f40g, indicating that the interparticle contacts are frictional.

We, moreover, use the watershed algorithmf41,42g to
nonambiguously subdivide each image of imprints into a
number of exclusive subregions, each of which corresponds
to the imprint made by a single particle. This subdivision is
made in such a way that the union of all subregions covers
the imagesthe watershed algorithm hence generates a tesse-
lation of the image aread. In this way we are able to deter-
mine not only the normal force but also the corresponding
normal stress exerted by the particle.

Note that the stress thus defined refers to single particles
and hence is distinct from the macroscopic stress field that is
obtained by coarse-graining over many particles. The experi-

mental results indicate that the single-particle stress statistics
is a better indicator for the transition to a continuum than the
force statistics.

Finally, spatial force and stress correlations are investi-
gated.

II. MATERIALS AND METHODS

A. Materials

Particlesspelletsd were formed from microcrystalline cel-
lulosesMCC; Avicel PH101, FMC, Ireland, apparent density
of 1.571 g/cm3d. Distilled water was used as granulation liq-
uid. Black carbon papersRadex 1200, Kores, Austriad and
white photo-quality papersEpson Photo Quality Ink Jet Pa-
per, Seiko Epson Corp., Japand were used for the force mea-
surements.

B. Preparation of particles

The particles investigated in this study were made by wet
granulation followed by extrusion and spheronization. The
MCC powder s360 gd was agitated in a planetary mixer
sQMM-II, Donsmark Process Technology, Denmarkd at
500 rpm for 5 min and the granulation liquids400 gd was
then sprayedsSchlick, Model 940, Germanyd into the mass at
a rate of.100 ml/min. Wet mixing was continued for 5 min
at 500 rpm. The wet powder mass was immediately extruded
smodel E140, NICA System, Sweden; holes 1.0 mm in di-
ameter and 1.2 mm longd and spheronizedsmodel S 320-
450, NICA Systemd for 3 min on a 32 cm diameter friction
plate with radially designed grid at a rotation speed of
800 rpm. The particles were spread out on plates in a thin
layer and dried under ambient conditions for 4 days. The size
fraction 800–900mm was separated by dry sieving using a
set of standard sieves with square openingssEndecotts,
United Kingdomd, mechanically shakensRetsch, Type RV,
Germanyd for 10 min at a relative agitation intensity of 30.
This size fraction was used exclusively in the remainder of
the experiments. The particles were stored in a desiccator
sover a saturated K2CO3 solutiond at 40% relative humidity
and room temperature for at least 1 month before further
investigation. Previous experience shows that particles pre-
pared in this manner have a porosity of.10% f43g.

C. Characterization of particle size and shape

Approximately 800 particles were spread out on a flatbed
scannersEpson Perfection 1640SU Scanner, Seiko Epson
Corp., Japand and covered by a piece of black paper. A digi-
tal image with a resolution of 1600 dpi was acquired. The
image was analyzed by the noncommercial image-analysis
software IMAGEJ ssee Sec. II F belowd. The projected-area
diameterdp=2ÎAp/p, whereAp is the projected area of the
particle, was used as a measure of the particle size. The
aspect ratio was used as a measure of the particle roundness
sbecause of the limited resolution of the image, it was not
possible to determine the circularity, since the perimeter val-
ues obtained were inaccurated.

G. FRENNING AND G. ALDERBORN PHYSICAL REVIEW E71, 011305s2005d

011305-2



D. Compression of single particles

Uniaxial compression experiments were performed on
single particles by using a Zwick Z100 materials tester
sZwick/Roell, Zwick GmbH & Co. KG, Germanyd equipped
with a 1 kN load cell. A stationary lower punchsdiameter
11.3 mmd was mounted on the lower grip. Pieces of white
paper and carbon paper were placed on the lower punch, and
a particle was placed on top. The upper punch was lowered
at a rate of 1 mm/min until the desired force was reached,
and then immediately raised. Forces between 1 and 200 N
were used. For each force, five replications were made.

E. Compression of particle packings

Uniaxial compression experiments were performed on
particle packings by using the same materials tester now
equipped with a 100 kN load cell. A stationary lower punch
sdiameter 11.3 mmd and a matrix were mounted on the lower
grip, and a mobile upper punch on the load cell. Circular
piecessdiameter 11 mmd of white paper and carbon paper
were placed on the lower punch, 1 g of particles was poured
into the die scorresponding to a filling height of approxi-
mately 13 mmd, and pieces of carbon paper and white paper
were placed on top. The upper punch was lowered at a rate
of 10 mm/min, until the desired pressure was reached, and
then immediately raised at the same rate. Six different com-
pression pressures between 10 and 50 MPa were used, and
for each pressure 20 replications were made. Following com-
pression, the particle packingsor the compactd was immedi-
ately ejected from the matrix. When a coherent compact was
formed, its strength was assessed by diametrical compression
at a rate of 1 mm/min within.1 min after compression by
using a tablet-testing instrumentsHolland C50, United King-
domd. The imprints made by the particles on the pieces of
white paper were converted to electronic form by using the
Epson scanner and a resolution of 1600 dpi.

F. Image analysis

The background-corrected digital images of the imprints
were analyzed by using the noncommercial softwareIMAGEJ

f51g. The IMAGEJ implementationswritten by Saged of the
watershed algorithm originally developed by Vincent and
Soille f41g was used to nonambiguously subdivide the region
of interest of each image into a number of exclusive subre-
gions sbasinsd, each of which corresponded to the imprint
made by a single particle. This subdivision was made in such
a way that the union of all subregions covered the region of
interest of the image. To prevent basins from extending be-
yond the circular region of interest, this region was enclosed
by a black background. In order to avoid oversegregation of
the image, it was smoothedsGaussian smoothing,sx=sy
=10d prior to the application of the watershed algorithm. The
location, area, and integrated darkness of each subregion
were determined using the same software. Utilizing a previ-
ously acquired calibration curve, the forceF experienced by
each particle was determined. Using the areaA of the subre-
gion, the equivalent stressS was calculated asS=F /A.

G. Statistical analysis

In order to reduce unwanted effectsf44g of the averaging
scheme used, the average forcekFl, stresskSl, and areakAl
were calculated for each experimental realization. Non-
dimensional force, stress, and area variables were defined in
terms of these averages asf =F / kFl, s=S/ kSl, and a
=A/ kAl. The results obtained for different realizations at a
certain compression pressure were pooled, and the probabil-
ity densitiesr fsfd andrsssd were estimated by using the non-
commercial statistical softwareR and its packageLOCFIT

f45,46,52g. Confidence intervals forr fsfd andrsssd were ob-
tained from the same software. The total force and stress
averages,kkFll andkkSll, respectively, were calculated as the
averages ofkFl and kSl over all experimental realizations at
a certain compression pressure.

From the location of each imprint, the 2D pair-correlation
function f6,47g gsrd was estimated using theR packageSPAT-

STAT and a translation edge correction. The 2D pair-
correlation function may be defined asf6,47g

gsrd =
1

Nn0pr
o
i=1

N

o
j=i+1

N

dsr ij − rd, s1d

where N is the total number of marks,n0 is the average
density of marks, andr ij is the distance between the centers
of marks i and j . Calculations were performed for each ex-
perimental realization separately, and mean values and con-
fidence intervals were determined from the results obtained
for each compression pressure. Utilizing the same software,
the mark-correlation functionf47g kmmsrd, where the mark
m= f or s, was estimated. Since the marksm= f or s have
been normalized, the mark-correlation function may be ex-
pressed asf6,47g

kmmsrd =

o
i=1

N

o
j=i+1

N

dsr ij − rdmimj

o
i=1

N

o
j=i+1

N

dsr ij − rd

. s2d

Averages and confidence intervals were determined in the
same way as forgsrd. Ourkf fsrd corresponds toK1srd of Ref.
f6g and toGsrd of Ref. f7g.

III. RESULTS

A. Particle size and shape

The particle-size distribution was relatively narrow, with
mean 0.92 mm and standard deviation 0.099 mm. Due to the
presence of some dumbbell-shaped particles, the size distri-
bution was positively skewedsskewness 0.72d. Particles of
this form may have resulted from incomplete separation or
coalescence during spheronization. The distribution of aspect
ratios was positively skewedsskewness 2.37d, with mean
1.24 and standard deviation 0.22. With the exception of a
small fraction of dumbbell-shaped particles, the main par-
ticle form was thus spherical, with some deviation from per-
fect sphericity.
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B. Compression of single particles

The single-particle deformation characteristics are shown
in Fig. 1, which displays the single-particle deformation as a
function of the applied force. As may clearly be seen in the
figure, the slope of the force-deformation curve changes
abruptly at a force around 15 N, which signifies a changed
response of the particle to the applied force, due to failure of
the particle attributed to plastic yield. It may also be seen
that the standard deviation is particularly large in this region,
because plastic yield starts at somewhat different forces for
different particles. Following plastic deformation, the slope
of the curve and the standard deviation gradually decrease. It
is evident from the figure that a relatively small force causes
considerable deformation of the particles.

In order to be able to use the carbon paper technique to
measure forces experienced by single particles, we need to
establish that a unique relationship exists between the force
and some characteristic of the imprint made by the particle
on the piece of white paper. As Fig. 2 shows, such a relation-
ship exists between the force and the integrated darkness
of the imprint. Although there is some random varia-
tion, there is a reasonable correlation between these two vari-
ables. It was found that forces*1 N could be detected with
certainty.

C. Compression of particle packings

Having demonstrated the ability of the carbon paper tech-
nique to measure the forces of interest, we next consider
compression of particle packings. Figure 3 shows represen-
tative background-corrected pictures of the imprints made by
the particles on the piece of white paper placed on the lower
punch. It may clearly be seen that the average intensity of the
marks increases in proportion to the applied pressure. The
pattern of imprints, moreover, appears more uniform for the
higher compression pressures.

A similar trend was observed also for imprints on the
piece of white paper placed on the upper punchsnot shownd.
However, as a result of lateral particle motion during com-
pression, the imprints tended to be more blurred. For this
reason, we consider only the distributions of normal forces
and stresses exerted on the lower punch in what follows.

Let us now analyze the pictures of impressions, some of
which are shown in Fig. 3, in more detail, starting with the
total force and stress averages. As Fig. 4 shows, bothkkFll
and kkSll increase in direct proportion to the applied com-
pression pressure. It may be seen that the data points corre-
sponding to a compression pressure of 10 MPa lie somewhat
above the lines through all other points. The most likely
explanation for this deviation is that some particles at this
applied pressure exerted a force below 1 N on the lower
punch, which could not be detected because of limitations of
the applied carbon paper technique. Since this deviation is
rather small, the inability to detect small forces does not
significantly affect the results. The linear relation between
kkFll or kkSll and the applied compression pressure, more-
over, indicates that the calibration used provided correct val-
ues of the force also for the largest forces, when significant
particle deformation occurred.

It may also be seen that the average stress on the lower
punch in all cases was approximately 60% of the applied
compression pressure, i.e., the average stress exerted on the
particles adjacent to the upper punchsneglecting the upper-

FIG. 2. Correlation between the force experienced by a single
particle and the integrated darkness of its imprint. The solid line
represents a polynomial fit to the data displayed in the figure. The
error bars indicate standard deviations.

FIG. 3. Imprints made by particles on the piece of white paper
placed on the lower punch at the compression pressures indicated.

FIG. 1. Single-particle deformation in uniaxial compression.
The error bars indicate standard deviations.
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punch-matrix friction force, which in all cases was&10 Nd.
Thus 40% of the applied force was counteracted by die-wall
friction, and this figure was independent of the magnitude of
the applied pressure. This finding may be understood in
terms of the classical Janssen effectf48g. Die-wall friction
could have been reduced by using a lubricant, e.g., magne-
sium stearate. Since the presence of a lubricant may affect
particle adhesion, and thus the strength of formed compacts,
no lubricant was used in this study.

It was found that coherent compacts were formed at com-
pression pressuresù30 MPa. For forces exceeding 30 MPa,
the fracture forcesdetermined by diametrical compression
according to the procedure described in Sec. II Ed increased
linearly with increasing pressure, as shown in Fig. 4. From
the intersection of the linear fit with the abscissa it may be
concluded that a pressure slightly larger than 20 MPa was
required to form a coherent compact. This figure agrees well
with observations made during the compression experiments:
For 20 MPa some of the particles generally adhered to each
other, but no compact was formed. No attempt was made to
convert fracture forces to tensile strengths, because the com-
pacts did not in general have the strength required to fail in
tensionf49g.

Having discussed total averages and compact strengths,
we next focus our attention on the distribution of normal
forces and stresses. The probability density functionsr fsfd
and rsssd, estimated according to the procedure described
in Sec. II G, are shown in Figs. 5sad and 5sbd. For clarity,
all curves except the topmost ones have been translated
downward.

The force distribution, shown in Fig. 5sad, exhibits the
same general features for all compression pressures. It in-
creases from a nonzero value atf =0 to a maximum atf
.0.8 and then shows an almost exponential decrease for
larger values off. The slope of the decay at largef is seen to
increase with increasing compression pressure, but there is
no clear indication of a crossover to a Gaussian behavior.
The probability of finding small forces is seen to decrease
considerably when the compression pressure is increased

from 10 to 30 MPa, but is virtually unchanged when the
pressure is increased beyond 30 MPa.

The stress distribution, shown in Fig. 5sbd, is considerably
narrower than the force distribution, and is also more sym-
metric. The distribution is seen to exhibit a progressive nar-
rowing with increasing compression pressure. It may also be
seen thatrsssd, when displayed on a linear-log scale as in
Fig. 5, is parabolic in shape, indicating that the distribution
of stresses is Gaussiansalthough it obviously has support for
sù0 onlyd.

In order to better understand the relation between the
force and stress distributions, we next investigate the corre-
lation between the area corresponding to each particle and
the force it experienced during compression. Motivated by
the fact that the area for a perfectly Herzian contact scales as
f2/3 f50g, we present our results on a log-log scale in Fig. 6
snote, however, that the area assigned to each particle is dis-
tinct from the area of the imprintd. As may clearly be seen in
the figure,a and f are positively correlated, and the overall
trend is well represented by an expression of the forma
~ fa, as the solid regression lines show, but no unique rela-
tion exists between these two quantities. The regression lines
are not intended as fits to the experimental data, but are
included in the figure because they provide aqualitativeex-
planation for the relation between the force and stress distri-
butionsssee belowd. Values of the exponenta, characterizing

FIG. 4. Total averages for the force and stress experienced by
single particles as a function of the compression pressure. Also
shown is the force required to fracture compacts formed at pres-
sures exceeding 30 MPa. The error bars indicate standard
deviations.

FIG. 5. Estimated density functions for thesad force andsbd
stress distributions. The curves display, from top to bottom, the
results obtained at compression pressures of 10, 15, 20, 30, 40, and
50 MPa. The error bars indicate 95% confidence intervals. For clar-
ity, all curves except the topmost ones have been translated
downward.
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the slope of the regression lines shown in Fig. 6, and the
Pearson correlation coefficientR are given in Table I.
Whereas the correlation coefficientR is more or less constant
at approximately 0.8, the exponenta is seen to increase with
increasing pressure, from approximately 0.3 to approxi-
mately 0.5. Hence, even though no unique relation exists
betweena and f, some of the features of the transition be-
tweenrsssd and r fsfd nevertheless appear to be possible to
understand simply as resulting from a variable transforma-
tion of the forms~ f1−a. For the highest pressures, whena
<0.5, this simple relation would for instance transform an
exponential decay ofr fsfd for large forces to a Gaussian
decay ofrsssd for large stresses.

The spatial distribution of imprints may be described in
terms of the 2D pair-correlation functiongsrd. The pair-
correlation function, estimated according to the procedure
described in Sec. II G, is shown in Fig. 7. For clarity, all
curves except the bottom one have been translated upward.
The pair-correlation function exhibits for all compression
pressures a shape that is typical of random packings of
impenetrable particles. Since the particles cannot penetrate,
gsrd is virtually zero up to the smallest particle diameter.
The pair-correlation function thereafter has a number of
maxima, corresponding to the first, second, and higher-order
coordination “shells.” There is, as expected, an evident
short-range order, but no indication of a crystalline particle
arrangement may be seen. From the location of the first
maximum, the radius of the first coordination “shell” is
seen to be.0.87 mm, and to decrease somewhat with in-
creasing compression pressure. This value is slightly smaller
than the mean projected-area diameter, which may indicate
that the particles have been compressed laterally. However,
since the particle-size distribution was positively skewed,
the mean value overestimates the most probable particle
diameter.

Having considered the spatial distribution of the imprints,
we next investigate spatial force and stress correlations. The
mark-distribution functionskf fsrd and ksssrd, estimated ac-
cording to the procedure described in Sec. II G, are shown in
Figs. 8sad and 8sbd, respectively. The upward-pointing tri-
angles in Fig. 8 indicate the location of the first maximum
of the pair-correlation functiongsrd at r =rmax.0.87 mm,
while the downward-pointing ones show the location of the
subsequent minimum ofgsrd at r =rmin.1.24 mm. As Fig.
8sad shows, kf fsrd exhibits oscillations around the value
unity, which is obtained in the absence of correlations. The
amplitude of the oscillations is seen to decrease with increas-
ing compression pressure and larger values of the interpar-
ticle distancer. It may also be seen that the location of the
first maximum ofkf fsrd almost coincides with the first mini-
mum of gsrd, at least for compression pressures up to
30 MPa.

FIG. 6. Correlations between the nondimensional forcef and
area a at different compression pressures. Solid regression lines
sa~ fad are drawn for all pressures.

TABLE I. Values of the exponenta at different compression
pressuresP obtained from the regression lines displayed in Fig. 6.
The Pearson correlation coefficientR is also given.

P sMPad a R

10 0.29 0.74

15 0.35 0.79

20 0.39 0.80

30 0.42 0.75

40 0.47 0.80

50 0.50 0.81

FIG. 7. Two-dimensional pair-correlation function. The curves
display, from top to bottom, the results obtained at compression
pressures of 10, 15, 20, 30, 40, and 50 MPa. The error bars indicate
95% confidence intervals. For clarity, all curves except the bottom
one have been translated upward.
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As seen in Fig. 8sbd, ksssrd exhibits similar oscillations.
For compression pressures,30 MPa it is found that the lo-
cation of the first maximum ofksssrd almost coincides with
the first minimum ofgsrd, as for the force correlations. How-
ever, for pressuresù30 MPa we instead find that the loca-
tions of both maxima almost coincide.

IV. DISCUSSION

With increasing compression pressure, the force distribu-
tion r fsfd changes in two ways: The probability of finding
very small forces is greatly reduced and the slope of the
exponential decay increases. No clear indication of a cross-
over to a Gaussian behavior is found, however. These find-
ings are consistent with the experimental results of Erikson
et al. f9g and the simulations of Antonyf33g, but conflict
with the observations made by Makseet al. f31g. According
to our results, deformation has a less decisive effect on the
force distribution than expected from the model of Ref.f32g.
Assuming that the force-chain length decreases with increas-
ing compression pressure, our results are also in qualitative
agreement with the predictions of Ref.f37g. The observed
changes in the wall-force distribution may be interpreted as
resulting from an increased number of contactsf5g, as would
be expected for a compressed systemf31g, and therefore
need not indicate that the the bulk-force distribution changes.

We note that the shape ofr fsfd for f ,1 is somewhat
different from that obtained in Ref.f9g, especially at com-
pression pressuresù30 MPa, for which a coherent compact
was formed. Whereas Eriksonet al. observed an exponential
behavior ofr fsfd for f ,1, our results are, for compression
pressuresù30 MPa, more consistent with a Gaussian behav-
ior in this region. One consequence of this difference is that
the peak heightfdefined as maxr f /r fs0dg is larger in our
experiments.100 compared to&30d. Although an effect of
the bottom layer of glass beads used in Ref.f9g cannot be
ruled out, the most likely reason for this difference is that a
coherent compact, capable of sustaining tensile stresses, is
formed in our experiments.

It is interesting to note that the stress distributionrsssd
for all compression pressures investigated is considerably
narrower than the force distribution and, furthermore, is
consistent with a Gaussian behaviorsbut with support for
sù0 onlyd. This finding may be interpreted as resulting
from a positive correlation between the area corresponding
to each particle and the force it experienced during compres-
sion. The positive correlation between force and area may
also explain the behavior of the spatial force correlation
function kf fsrd: For the less probable interparticle distance
r =rmin, kf fsrd exhibits a distinctive positive correlation. This
correlation may be an effect of a positive correlation between
force and area.

At the most probable interparticle distancer =rmax, kf fsrd
may be seen to be slightly negative. Even though it is diffi-
cult to compare our results for disordered packings with
those obtained using lattice models, we may note that nega-
tive lateral spatial force correlations have been predicted by
the models of Refs.f32,37g. The negative correlation de-
creases somewhat with increasing compression pressure, and
therefore agrees more with the simulation than the modeling
results of Ref.f32g. The correlations, moreover, die off con-
siderably faster than predicted in Ref.f37g, probably as a
result of the larger disorder present in our packings, in agree-
ment with the result of other investigationsf7,16g. An oscil-
latory behavior forkf fsrd has previously been observed for
very small pressuresf7g. However, these oscillations are in
phase with those ofgsrd, whereas the oscillations we observe
essentially are out of phase.

The spatial stress correlation functionksssrd exhibits an
interesting evolution with increasing compression pressure.
At r =rmin, ksssrd has a maximum for the lowest compression
pressure, which gradually decreases in height and for pres-
suresù30 MPa is replaced by a minimum. At this distance,
the correlation thus changes from being positive to being
negative. At the same time, the positive correlation atr
=rmax becomes stronger. These observations show that the
mode of stress transmission is different at low and high
pressures, with the dividing line essentially corresponding to
the formation of a compact. Before a compact has been
formed, particles separated by unusually long distances
from their neighbors appear to exert a larger than average
stress on the confining surface, whereas these particles in-
stead exert a smaller than average stress once a compact has
been formed.

FIG. 8. Lateralsad force andsbd stress pair correlations. The
curves display, from top to bottom, the results obtained at compres-
sion pressures of 10, 15, 20, 30, 40, and 50 MPa. The error bars
indicate 95% confidence intervals. For clarity, all curves except the
bottom ones have been translated upward. The upwardsdownwardd
pointing triangles indicate the location ofrmax srmind, defined in the
text.

EVOLUTION OF DISTRIBUTIONS AND SPATIAL… PHYSICAL REVIEW E 71, 011305s2005d

011305-7



V. CONCLUSIONS

Utilizing the carbon paper technique and the watershed
image-analysis algorithm it has been possible to determine
not only the distribution of normal forces but also the distri-
bution of corresponding normal stresses exerted by deform-
able particles on a confining wall. Whereas no indication of a
crossover to a Gaussian decay at high forces was observed
for the distribution of normal forces, the distribution of nor-
mal stresses was, for all compression pressures investi-
gated, considerably more Gaussian in shape. This finding
may be interpreted as resulting from a positive correlation
between the area corresponding to each particle and the force
it experienced during compression. More investigations are

necessary in order to fully understand this behavior. Spatial
force and stress correlations were observed for distances
smaller than three particle diameters, and the latter exhibited
qualitatively different behaviors prior to and after the for-
mation of a coherent compact, indicating that the mode of
stress transmission changes when the compression pressure
exceeds the minimum pressure required to form a coherent
compact.
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